This study deals with inverse approach for damage detection in a double-beam system. A double-beam system made of two parallel beams connected through an elastic layer. Degradation in stiffness of beams element, crack occurrence and partly destruction of inner layer has been considered as different types of damage. The time domain acceleration response of the system measured and proper orthogonal decomposition has been applied to the collected data in order to derive the proper orthogonal values (POV) and proper orthogonal modes (POM) of the system. Effect of single damage in different locations on the POV has been analyzed and an objective function has been defined using the dominant POV and POM of each beam separately. In order to increase robustness of the method against noise, the objective function enriched by adding statistical property of time domain response. The teaching-learning based optimization algorithm has been employed to solve optimization problem. Efficiency of the proposed method for detecting single and multiple damages in the system demonstrated with and without noise.
Introduction
Health monitoring of the structures and on time damage detection is one of the common issues in mechanical, civil and aerospace engineering in order to preventative measures to avoid human casualties and financial detriment. Several methods have been developed to detect damage in the structures. One the best of these methods is vibration based damage detection, because of its low cost, the ability to monitor the whole of the structure by measuring a few limited points, as well as no need for presence of the skillful operator. The main idea in vibration based damage detection is change in the modal parameters such as natural frequencies, mode shapes and damping ratio of the structure after damage occurrence. Also, dynamic response or forced vibration response of the structure affected by damage and becomes different. In a general category, vibration based methods for damage detection is divided into two types: model based method and response based method. In a model based method, a numerical or analytical model of the structure is available and in response based method only the structure response to the excitation or modal parameters are available without knowing of its model. A comprehensive review about different techniques for structural damage detection using vibration analysis has been presented by Fan and Qiao [1] .
One of the popular methods to damage detection by using the model of the structure is inverse approach.
In inverse approach, the model of the structure has been update using modal parameters or dynamic response; the probable damage will be identified at the result of this model updating. For this purpose an objective functions and an optimization algorithm is required. The objective function is defined as discrepancy between modal parameters or dynamic response of the model of the structure and the monitored structure. Whenever objective function value becomes zero or very small, the damage parameters are detected. Also, a fast and stable optimization algorithm is required to find unique solution for objective function. Several researches presented in which damage detection formulated as an inverse problem. Ruotolo and Surace [2] were defined an objective function by using natural frequencies, modal curvature and normalized mode shapes for crack detection in the beam-like structure and the genetic algorithm was used to solve the optimization problem. Meurane and Heylen [3] applied an objective function which was summation of the five fundamental modal parameters based objective functions to damage detection in tridimensional statically indeterminate space truss. Raich and Liszkai [4] were proposed an objective function by using frequency response function to damage detection in structures.
Other researches in which damage detection has been formulated as an inverse problem could be found in [5] [6] [7] [8] [9] [10] [11] [12] .
Sandwich beams have wide applications in aerospace and naval industries, as well as bridges and buildings construction. The sandwich beams are made of three layers: two faces which are thin and high strength and inner layer which is thick, light weight and low stiffness. Desire Structural properties like high stiffness and low weight are achieved by combining the strong face with a thick and low-density core. A double-beam system consists of two parallel beams with Winkler-type elastic inner layer considered as an approximate model for the sandwich beam. The main difference between a soft core sandwich beam and a double-beam system is neglecting shear deformation of core in simplified model.
The dynamic characteristic of the double-beam system have been investigated in several researches.
Oniszczuk [13] investigated free vibration of double-beams system continuously joined by a Winkler elastic layer with simply support boundary conditions and present analytical formulation for natural frequencies. Palmeri and Adhikari [14] proposed a Galerkin-type state-space for transverse vibrations of a double-beam with viscoelastic inner layer. Stojanovic et al. [15] applied Timoshenko and high order shear deformation theory for the problem of free transverse vibration and buckling of an elastically connected simply supported set of beams under compressive axial load. Other researches in this field could be found in [16] [17] [18] . In these researches, the beams and core are intact and effects of damage are neglected.
Mirzabeigy and Madoliat [19] investigate the free vibration of the partially connected double-beam system. In fact, their study deal with effect of damage in the inner elastic layer on natural frequencies and mode shapes. Results of [19] show that for similar boundary conditions of upper and lower beams, damage in core does not affect odd mode frequencies. Nguyen [20] addressed effect of crack on double beam system by using finite elements method. For the crack detection, Nguyen [20] makes use of wavelet transform of the relationship between the natural frequency and the location of a concentrated mass which is located on the main beam. There is no other report about damage detection in double beam system except research by Nguyen [20] .
In this study, proper orthogonal decomposition (POD) is applied to damage detection in a double-beam system. POD only uses data from time domain response and does not need to any frequency domain analysis, also, this method is kind of data fusion between data from several sensors and reduce volume of data by extracting useful information. We try to define an appropriate objective function to damage detection by using POD and increase robustness of method against measurement noise. The paper is organized as follows: The finite element model of the double-beam system in the presence of different damages is formulated in the Section 2. Section 3 is devoted to procedure of teaching-learning based optimization algorithm. Section 4 is presented to introduce the proper orthogonal decomposition; the main idea, history, mathematical formulation and application in damage detection is illustrated. Section 5 is related to damage detection; at first, an objective function defined by considering effects of different kinds of damage and robustness against noise, then, damage detection results with and without noise present and effects of different parameters on the convergence rate investigated.
The System Modeling
Consider two parallel beams with Winkler type elastic inner layer with clamp-free boundary conditions as depicted in Fig. 1 . A time varying point force exerted to free end of upper beam. It is assumed beams are thin and could be model by Euler-Bernoulli beam theory. The beams have same rectangular cross-section, material properties and length. The beam's modulus of elasticity, material density, height, width and length are E,  , h, w and L, respectively. Using the geometry of cross-section, area and moment of inertia are calculated and considered as A and I. The coefficient of Winkler elastic layer is k. Two independent coordinates considered for beams deflection as 1 y and 2 y while horizontal coordinate is same for both beams where it is x. The equations of motion for this system are as follows:
Solving Eq. (1) and Eq. (2) in analytic form is not easy and will be onerous if damage occurred in structure, so numerical scheme like finite elements (FE) adopted for this problem. Two node thin beam element with two degree of freedoms in each nodes applied for system discretizing. Mass and stiffness matrix for this element could be found in different books like [21] . The two beams are related together via an elastic inner layer as observed from schematic sketch of system and also equations of motion. This elastic layer does not add any new degree of freedom to system and in FE formulation only has stiffness matrix because it's mass neglected. Stiffness matrix of inner layer is the Stiffness derived for Winkler elastic layer. In the present system, displacement or degree of freedoms vector of upper and lower beams are   
Time history response of discretized system in Eq. (4), could be calculated using implicit algorithm called Newmark's method [22] .
Modal Parameters of system like natural frequencies obtain by harmonic motion assumption with circular frequency of  and neglecting external force which leads to:
Eq. (5) is an eigenvalue problem, in which for the non-trivial solution, it is necessary that the determinant of the coefficient matrix is set equal to zero. Obtained eigenvalues are corresponding to natural frequencies of vibration.
Three different types of damage considered in this study; one of them is the modulus of elasticity degradation of specific element, if damage intensity be  then for constructing stiffness matrix for this element, the modulus of elasticity considered as 
the stiffness matrix for cracked element is as follows [20] :
Last possible damage type is inner layer damage. Damage is assumed as complete removing of elastic inner layer in specific range as shown in Fig. 3 . Stiffness matrix assembly is important in this type of damage because Stiffness matrix due to Winkler elastic layer is zero for the elements in damage region.
Teaching-Learning based optimization
Teaching-Learning based optimization (TLBO) is population based, metaheuristic algorithm inspired by the education procedure in a classroom. TLBO was proposed by Rao et al. [25] and applied in different area of sciences and engineering [26] [27] [28] [29] [30] . Logic behind TLBO is that learners (students) want to get better scores through education, so, teacher has great role. A good teacher could better educate learners and help to raise their scores or marks. The teacher quality could evaluate by mean value of class scores and the best teacher is who that his or her knowledge equals to mean value of class or teacher and learners have same knowledge. Except teacher education, learners could educate themselves by collaboration and reciprocate knowledge. TLBO simulate education from teacher and collaborative learning among students for finding global optimum. TLBO is parameter free and does not need to any parameters tuning, it requires only common controlling parameters like population size and number of generations for its working. In this algorithm different decision variables are analogous to different subjects offered to students and student's overall result is analogous to the values of objective function. The procedure of TLBO is divided into two phases, the Teacher phase and the Learner phase.
Teacher Phase
The first step of knowledge sharing in the TBLO is teacher phase which attempts to simulate teacher's influence on the student. During this phase the learners or students are motivated by the teacher and try to promote their knowledge which consequently yields to increase the mean result of the class in the subject taught by teacher. Consider N number of learner in the class and J number of subject teaches to them.
These are representing the population size of N with J design variables. At any iteration, the mean result of the class in a specific subject
where
The learner with the best overall grade taking all the subjects (or best fitness value) is designated as teacher and other learners move toward teacher to enhance their own overall grade via following equation: 
Learner phase
After knowledge achievement by learners under teacher conduction, they could become more fit by mutual discussions and interactive learning. In this phase, for each student p from the class, another student q is randomly select, in such a way q p  . After fitness evaluation of both student if student p be better than student 
The proper orthogonal decomposition
The proper orthogonal decomposition (POD) is a multi-variate statistical procedure applied to derive a compact representation of the data. This method may serve two purposes, namely order reduction by projecting highly dimensional space to a space of lower dimension and feature extraction by revealing relevant, but unexpected, structure hidden in the data [31, 32] . 
A new matrix construct in which all elements of ith column are same and equal to the average value of the ith column of V . This new matrix called W . In order to perform POD, A matrix U is generated by subtracting the W from V as follows:
finally, the correlation matrix formed as following:
where R is real, square and symmetric matrix of dimension M . Like any real, square matrix of dimension M , there are M eigenvalues and eigenvectors exist for R . The eigenvalues of R are named
proper orthogonal values (POVs) and the eigenvectors of R are named proper orthogonal modes (POMs). Feeny and Kappagantu [33] demonstrate that for a structure with uniform mass distribution in free vibration state, the linear natural modes are closely correlated with proper orthogonal modes and
proper orthogonal values represent the energy associated with each mode. The relationship between proper orthogonal modes and deformed configuration (superposition of linear natural modes) in forced vibration has been shown by Kerschen and Golinval [34] . This relationship between linear natural modes and POMs was also recognized in randomly excited structures by Feeny and Liang [35] . The natural modes of a structure are very sensitive to damage and provide spatial information about structure state, also proper orthogonal decomposition method has been known as a data reduction method affords information that are closely related to natural modes; so POD outcome could apply for damage detection in structures. In a structure with acquisition of data at M location, the possible number of POM could be obtain is M . It is reasonable if number of M will be increased therefore POMs provide more accurate 9 dynamic shape of structure. One problem about POD is the value of importance of each POMs and POVs or in another word, how much information provide by each POM. The goal is to use minimum numbers of POMs and POVs to achieve maximum data. One of the methods applied by several researchers is energy criteria. Proper orthogonal value gives the value of energy associated with corresponding proper orthogonal mode and therefore could be used to determine of participation of each mode in the whole data. The required numbers of POMs for accurate description of a structure dynamic is determined by smallest value of number j which satisfied following energy criteria:
in Eq. (15),  is POV where sorted in decreasing order so that (15) dominant POM of structure before and after damage occurrence determined and following damage indicator has been used: . This method applied for damage detection in uniform beams. Galvanetto et al [37] were verified the results of [36] by experimental test.
Thiene et al [38] by using curvature of POM  , increase accuracy of the method presented in [36] . The curvature calculated for dominant POM using central difference method as follows:
where H is uniform grid spacing. Possible damage location is detected using difference between curvature of POM before and after damage occurrence. This method applied numerically on composite beam and experimentally on aluminum plate. Rao et al [39] defined an optimization problem using POMs and POVs. The response of the system recorded over a period of 3 seconds after excitation exerted to the system. There is 10 sensor located on system, so, 10 POVs could be achieved. As mentioned before, Dominant POV and POM has more information about system, consequently, only one POV has been used where it is the POV with maximum value. Damage considered as 10% degradation of modulus of elasticity of one element. Effects of damage location on upper beam on dominant POV depicted in Fig. 5 . In this graph, horizontal axes is related to damage location where damage element 1 is element at clamped end of upper beam and damage element 12 is element at free end of upper beam. Other elements located between these two elements and numbered from clamped end to free end respectively. It is clear the value of POV decrease when damage approaches to free end, also, the variation of POV near the free end is little.
Damage Detection

Methodology
Effects of damage location on lower beam on dominant POV depicted in In real applications, the noise effect is a menace which can reduce the precision of damage detection strategy. In real measurement, noise or error in data acquisition is inevitable. In order to account measurement noise, simulated data is contaminated by adding normally distributed random error with mean zero to ideal data as following: Probabilistic damage will be evaluated by using an objective function which is sum of mentioned objective functions as following:
As stated before, the TLBO is an algorithm for maximizing an objective function, while for correct damage detection using objective function in Eq. (23), minimizing is desired. Therefore, the objective function applied in TLBO must be in the form of maximizing problem as follows:
It is obvious when
TLBO
Obj
become maximum, the value of Obj is minimum and damage parameters determined.
Numerical Results
In this section, we study the efficiency of the proposed objective function to detect the damage in doublebeam system. As previously stated in the introduction, detecting of the damage is important in early stage of local failure in the structures. Therefore, we assume that the number of damage in the double-beam system could be one or two, it should be noted, and there is not any limitation for investigation of the more damage in the proposed method. Three different kinds of damage occurrence have been studied, which include: occurrence of damage as stiffness decreasing in one of the elements, occurrence of the crack and the simultaneously occurrence of two damages. Also, the impact of some parameters on the accuracy of the proposed method will investigate. The population of the students in the TLBO is considered 25 through all examples. Whenever the value of the objective function becomes less than 10 
10
 , the optimization algorithm terminated and results of algorithm considered as damage parameters.
Single damage as stiffness degradation
This case is considered as degradation in stiffness in one of the elements of beams or completely destruction in one of the elements of the inner elastic layer. In this case, the design variables of optimization process are location and severity of damage. The whole system divided into 36 elements, so that elements 1 to 12 are related to the upper beam, elements 13 to 24 are related to the lower beam and elements 25 to 36 are related to the core. Also, in present algorithm, when the damaged element is detected in the core, the severity of the damage is considered as a complete destruction of the element.
The present method is successfully able to detect damage in different cases of location and severity of the damage. Now, we examine the effect of the number of the point of response measurement on the efficiency and convergence rate of the algorithm. The system response is measured one at 10 points as of Fig. 4 and once at 6 points as shown in Fig. 11 . At first, the damage is considered in element 4 with 6% decrease in the stiffness. The convergence of the objective function value is depicted in Fig. 12 . As it shown, when the system response is measured at 10 points, the convergence rate would be faster in the algorithm. Another case is considered to damage in the element 20 with 10% reduction in the stiffness.
The convergence of the objective function for this case has been shown in Fig. 13 . Similar to the previous case, the convergence rate is faster when response measured at 10 points. In the case of the damage occurrence in the core, the convergence rate with 10 measurement points and 6 measurement points is almost same. It should be noted, although, the convergence rate of objective function is slow when the response measured at 6 points, but it should be considered that there is 48 degrees of freedom in the investigated structure -24 translational degree and 24 rotational degree -and severity and location of single damage are detected with high accuracy only by response measurement at 6 points (less than 13 percent of the total degree of freedom), which could be considered as advantage of the given objective function.
Occurrence of the crack
In this case, the design variables of optimization process are location and depth of crack. the probable location of the crack is varied from zero to 3 meters. Using crack location, the corresponding element in finite element model could be easily calculated. The crack is placed from zero to 1.5 meters at upper beam and from 1.5 to 3 meters at lower beam, for example, when crack occur in the location 1.8 meters, at the result, it's corresponding element is element number 15. Eq. (6) and Eq. (7) are used to extract the stiffness matrix of the cracked element. In this case, response of double beam system measured at 10 points as presented in Fig. 4 . Regarding to the different cases of occurrence of the crack, the algorithm is able to accurately identify the location and severity of the crack. Now, we study the effects of the excitation frequency on the accuracy and convergence rate of the proposed method.
The first excitation frequency is lower than first natural frequency of system as Eq. (18) and called Excitation (1). The second excitation frequency or Excitation (2) is close to the first and second natural frequencies of the system and considered as follows:
The third excitation frequency or Excitation (3) is close to the third and fourth frequencies of the system and is considered as follows:
Four different cases are considered for the location and severity of the crack. The convergence rate of algorithm for various excitation frequencies have been presented in Fig. 14 to Fig. 17 . As it is seen, the given algorithm is able to detect the damage under different excitation frequency. Although the effects of the excitation frequency on the convergence rate of algorithm is sensible and not ignorable.
The simultaneous occurrence of two damages
In this case, the performance of the proposed objective function is investigated for simultaneous detection of two damages. The number of measurement points of response is 10 and similar to arrangement in Fig.   4 . External Excitation is considered as Eq. (18) and damage is considered as reducing of the stiffness in the beams elements or the destruction of the core elements. In this case, the design variables of optimization process are four, where two of them are related to damage location and other two variables are corresponding severity of damages. The efficiency of algorithm studied for various cases, and damages identified with high accuracy. For four different cases of the damages, the convergence rate of the algorithm is investigated and depicted in Fig. 18 and Fig. 19 . It is clear, when one of the damages occurs in the core; the convergence rate of the algorithm is faster. Also, when the damage occurs at one of the elements of lower beam near to free end, more iterations are needed to obtain the correct parameters of damages.
Noise immunity
In this section, we discuss about the effect of the error of measuring acceleration or noise on the efficiency of the given method. The noise is added to the structure response by Eq. with 10% decrease in stiffness. Unlike the Fig. 20 , in this case, the accuracy of the method is acceptable for noise level up to 10%. Now, we are investigating the simultaneous occurrence of the damage in the system. Here, when both of the damages occur in the core, the noise effect is not visible on the accuracy of the algorithm and damage elements are easily detected. In the other cases of occurrence two damages, the algorithm is executed three times and the best result considered as damage parameters. In the case of the occurrence of the one damage in beams element and another damage in the core, results of the damage detection has been shown in Table ( 2). As seen, the results are acceptable up to 10% noise level. The Table ( 3) is related to the occurrence of both damages in the beams. As seen, the accuracy of the method up to 5% noise level is independent from damages location. For the noise level upper than 5%, damage detection result for damages near the clamp end is almost accurate up to 10% noise level or maybe more, but, when damages are located near the free end, by increase noise level the reliability of the results decrease.
Conclusion
In the present study, the diagnosis of damage was investigated in a double-beam system. First, the numerical model of the system was formulated for various damage types by using of finite element method. Then, the impact of damage occurrence at the upper beam, lower beam and inner elastic layer on the POV of the whole system was investigated. Considering that the distinction of some damages such as damage in upper beam at the near of the clamped end from the damage in inner layer near the free end were not possible by using of the POV of the entire system; the POV of each beam was calculated separately to obtain the ability of the various damages distinction. Two objective functions were defined by using POV and POM of the each beam separately. It was assumed, the applied noise to the system response is a zero-mean vector, at the result, an objective function was also defined by using of the mean value of time domain response of the system at all measurement points. Therefore, the value of this objective function does not change by changing the noise level. At the result of the three objective functions, a final objective function was obtained to detect damage in the system. The TLBO algorithm was used to solve the final objective function. In noiseless mode, the algorithm successfully identified the damage for a various types of the damage occurrence at the beam or inner elastic layer, the occurrence of a crack, as well as simultaneous occurrence of two damages. The effects of the number of points of system response measurement as well as the frequency of excitation on the efficiency and convergence rate of the algorithm were also investigated. The efficiency of the algorithm in damage detection was also investigated in the presence of noise and acceptable results obtained. The important points about the proposed method for damage detection in the Double-Beam system can be summarized as follows:
1-The method only uses data from time history response of system and does not need frequency domain analysis.
2-By measuring the response of the system with 48 degrees of freedom at 10 points -less than 21% of the total degrees of freedom -the various types of the occurrence one or two damages have been detected with acceptable accuracy even in the presence of noise.
3-The precision of this method is independent from frequency of the excitation, although the frequency of excitation is effective on the convergence rate of the algorithm.
4-According to the results of the Ref. [19] , Partial removing of the elastic layer as a damage in core does not affect the odd modes frequencies of the system, and at the results, by the usual methods of using modal parameters, detecting of the core damage is not easily possible, and so far no research has been done in this area. This is while; damage at the core is detected by using of the current method, even in the presence of excessive noise.
5-The accuracy of the method in the presence of noise depends on the location of the damage. In some cases, this method is able to detect of the damage with high accuracy, even up to 20% noise level.
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